If a graph has bounded clique number, and sufficiently large chromatic number, what can we say about its induced subgraphs? András Gyárfás made a number of challenging conjectures about this in the early 1980's, which have remained open until recently; but in the last few years there has been substantial progress. This is a survey of where we are now.
Introduction
Let G be a graph. (All graphs in this paper are finite and simple.) We denote the chromatic number of G by χ(G), and its clique number (the cardinality of its largest clique) by ω(G). If X ⊆ V (G), we denote the subgraph induced on X by G[X], and write χ(X) for χ(G[X]) when there is no danger of ambiguity. A hole in G is an induced cycle of length at least four, and an odd hole is one with odd length; an antihole is an induced subgraph whose complement graph is a hole of the complement graph G of G.
Certainly χ(G) ≥ ω(G), and if we are told that χ(G) > ω(G), we can deduce something about the induced subgraphs of G:
If χ(G) > ω(G) then some induced subgraph of G is an odd hole or an odd antihole.
This is the strong perfect graph theorem [22] , and it settled a long-standing open question [10] about perfect graphs. It is in a sense the complete answer, because if we are told nothing else about G except that χ(G) > ω(G), we cannot deduce anything more about the induced subgraphs of G, because G might itself be the odd hole or antihole.
But what if we are told that χ(G) is much bigger than ω(G)? More precisely, fix some bound κ and let us consider graphs G with ω(G) ≤ κ. If we choose χ(G) sufficiently large, can we then deduce more about the induced subgraphs of G? A theorem of this type appears in [113] , but the question was first investigated systematically by András Gyárfás in [51] , and then in a beautiful and influential paper, "Problems from the world surrounding perfect graphs" [52] . Gyárfás raised a number of interesting questions. For instance, one of his questions was: in this situation can we strengthen the conclusion of the strong perfect graph theorem? Perhaps such a graph must contain an odd hole? And indeed this is true: we proved in [95] that:
1.2 For all κ ≥ 0, if G is a graph with ω(G) ≤ κ and χ(G) > 2 2 κ+2 then G has an odd hole.
It is convenient to express questions of this type in the framework of ideals and χ-boundedness. An ideal (or hereditary class) is a class of graphs closed under isomorphism and under taking induced subgraphs. We say that a graph is H-free if does not contain an induced subgraph isomorphic to H. Thus the class of H-free graphs is an ideal; and every ideal I is defined by the set of (minimal) graphs H such that I is H-free.
An ideal I is χ-bounded if there is a function f such that χ(G) ≤ f (ω(G)) for each graph G ∈ I; in this case we say that f is a χ-binding function for I. The ideal of all graphs is not χ-bounded, because as is well-known (and we will see in the next section), there are triangle-free graphs with arbitrarily large chromatic number, but what about subideals? Not all of them are χ-bounded (for instance, the ideal of all triangle-free graphs is not χ-bounded) but some are. For instance, 1.2 says that the ideal of all graphs with no odd hole is χ-bounded, with χ-binding function f (x) = 2 2 x+2 . Which other ideals are χ-bounded?
There are a number of interesting conjectures and results, and to survey them we break them into three classes: results on forests, results on holes, and other stuff. We will cover topics roughly in that order, alongside related questions and topics. We begin in the next section with some examples of graphs with small ω and large χ; and at the end of the paper there is a selection of open problems (in addition to those discussed elsewhere in the paper).
The graph K(n, k) has short even cycles, but all its odd cycles have length at least n/(n − 2k), so if we take n = 2k(1 − 1/g) −1 (assuming appropriate divisibility) we obtain a triangle-free graph in which all odd cycles have length at least g, and with chromatic number at least 2k/g + 2.
Shift graphs
Let n, k be integers with n > 2k > 2, and let G be the graph with vertex set all k-tuples (a 1 , . . . , a k ) such that 1 ≤ a 1 < · · · < a k ≤ n, in which (a 1 , . . . , a k ) and (b 1 , . . . , b k ) are adjacent if a i+1 = b i for 1 ≤ i < k, or vice versa. This graph is triangle-free, and for fixed k its chromatic number tends to infinity with n, as was shown by Erdős and Hajnal [43] . Moreover, all its odd cycles have length at least 2k + 1.
For k = 3, this has a remarkable property. Colour each vertex (a 1 , a 2 , a 3 ) by its middle element a 2 ; then this is a proper colouring (although not optimal), and yet for every vertex, only two colours appear on its neighbours.
Zykov's construction
Here is a construction due to Zykov [114] : let G 1 be a one-vertex graph, and inductively, having defined G k , define G k+1 as follows. Take the disjoint union of G 1 , . . . , G k and for each k-tuple (v 1 , . . . , v k ) where v i ∈ V (G i ) for 1 ≤ i ≤ k, add a new vertex with neighbours v 1 , . . . , v k . This makes G k+1 . Then each G k is triangle-free and has chromatic number k.
This has a pretty variant due to Kierstead and Trotter [65] . Take the graph G k just constructed, and orient its edges such that for each i, the new vertices in G i+1 are out-adjacent to their neighbours in the copies of G i , forming a digraph H say. Now for all u, v, if there is a directed path from u to v of odd length (more than one) in H, add another edge from u to v. The digraph produced is still triangle-free, and it has no four-vertex induced directed path.
The Burling graph
Finally, here is a construction of Burling [16] . Let G 1 be the complete graph K 2 , and let T 1 ⊆ V (G 1 ) with |T 1 | = 1. Inductively, suppose that we have defined G k and T k , and T k is a stable subset of the vertex set of G k . We define G k+1 and T k+1 as follows. Let T k = {a 1 , . . . , a s } say, and for 1 ≤ i ≤ s let N i be the set of neighbours of a i in G k . Take a graph consisting of s + 1 disjoint copies of G k \ T k , say A 0 , . . . , A s . For 0 ≤ i, j ≤ s, let the isomorphism from G k \ T to A i map N j to N ij . Now add to this 3s 2 new vertices, namely x ij , y ij , z ij for all i, j with 1 ≤ i, j ≤ s. Also add edges so that x ij , y ij are both adjacent to every vertex in N 0,i , and x ij , z ij are both adjacent to every vertex in N ij , and y ij z ij an edge, for 1 ≤ i, j ≤ s. Let G k+1 be the resulting graph, and let T k+1 be the set
It is easy to check that G k has no triangles, and for every colouring of G k with any number of colours, some vertex in T k has neighbours of k different colours, and in particular χ(G k ) ≥ k + 1. graph K 2 is obviously χ-bounding, but K 3 is not. Indeed, Erdős' random graph of section 2 shows that no graph with a cycle is χ-bounding; because if H has a cycle of length g, then all graphs of girth more than g are H-free, and they are triangle-free and can have arbitrarily large chromatic number. Thus, only forests are χ-bounding. A famous conjecture, proposed independently by Gyárfás [51] and Sumner [107] , asserts the converse:
3.1 The Gyárfás-Sumner conjecture: All forests are χ-bounding.
One can reduce this to trees, because a forest is χ-bounding if and only if all its components are χ-bounding. To see this, let H be the disjoint union of non-null forests H 1 , H 2 , which are both χ-bounding; we prove that all H-free graphs with clique number at most κ have bounded chromatic number, by induction on κ. Let G be an H-free graph with ω(G) ≤ κ; we may assume G contains a subgraph G 1 isomorphic to H 1 . The set of vertices of G with no neighbours in V (G 1 ) is H 2 -free and so has bounded chromatic number; and for each v ∈ V (G 1 ), the set of vertices adjacent to v has bounded chromatic number by induction on κ. The claim follows.
Incidentally, what we just proved is a special case of something much more general. A forest that is not a tree is disconnected, and the complete graph on κ + 1 vertices is disconnected in the complement, so we could have applied the following curious result (joint with Maria Chudnovsky [24] ):
3.2 Let H, J be graphs such that H is the disjoint union of non-null graphs H 1 , H 2 , and J is the disjoint union of non-null graphs J 1 , J 2 . Then there exists t such that for every {H, J}-free graph G, its vertex set can be partitioned into t subsets, such that for each of them, say X, G[X] is either
Back to the point: for trees the conjecture is a lot tougher, and it remains open. The following weakening is known [94] :
3.3 For every tree T , the ideal of all graphs containing no subdivision of T as an induced subgraph is χ-bounded.
But the Gyárfás-Sumner conjecture itself is only known to be true for some simple types of tree. Until recently the complete list of known cases was the following:
• Stars (a star is a tree in which one vertex is adjacent to all the others); this is just an easy application of Ramsey's theorem.
• Paths and brooms (see Gyárfás [51, 52] ; a broom is obtained by identifying an endvertex of a path with the central vertex of a star) 1 .
• Generalizing these, subdivisions of stars [94] (that is, trees in which at most one vertex has degree more than two).
• Trees of radius two (Gyárfás, Szemerédi and Tuza [59] for the triangle-free case, and Kierstead and Penrice [63] for the general case).
• Trees that can be obtained from a tree of radius two by subdividing once every edge incident with the root (Kierstead and Zhu [66] ). We unified the last two statements above: we proved [101] 3.4 Trees that can be obtained from a tree of radius two by subdividing some edges incident with the root are χ-bounding.
This uses the same proof method as [59, 63, 66] , with more bells and whistles, the method of "templates". Here is the basic idea of that proof. By 12.10 (and Ramsey's theorem), one can assume that there is a K n,n induced subgraph, with n a large constant. There might or might not be a K n ′ ,n ′ ,n ′ induced subgraph (the complete 3-partite graph), where n ′ is a large constant (much smaller than n), and so on; look at the largest k such that G has a subgraph G[X] partitioned into k stable parts, all of some specified large size and complete to one another (k is bounded since the clique number is bounded). Then we ask how the other vertices attach to X. Not many vertices have a large number of neighbours in each part of X, from the maximality of X; and every other vertex v with a neighbour in X is a leaf of a large star of G[X ∪ {v}], and these stars are useful for growing the desired tree. Delete X and some appropriate set Y (X) of vertices with neighbours in X (deciding which vertices to delete is the delicate part of the proof) and do it again, and so on; when the process stops, what remains is a set of vertices with no K n,n induced subgraph and with bounded clique number, so with bounded chromatic number by 12.10, and we can delete it. So effectively the graph is partitioned into "templates", the various sets X ∪ Y (X). Each template has bounded chromatic number, so there must be many edges between them if G has huge chromatic number; and now the proof gets harder and we omit any more details. Actually, we believe we proved a little more (though this strengthening is not written down). Let T 1 be a tree of radius two, with root v 1 ; let T 2 be a star, with centre v 2 ; take the disjoint union of T 1 and T 2 ; and join v 1 , v 2 by a path, of any length. Then the tree just constructed is χ-bounding. The same holds if T 1 is one of the Kierstead-Zhu trees, instead of one of the Kierstead-Penrice trees. We were not able to prove that it holds when T 1 is one of the trees of 3.4.
Most of these trees mentioned so far have the property that their vertices of degree more than two are close together, and indeed the conjecture still remains open for trees with two vertices of degree more than two, far apart. In particular, the conjecture was not known for double brooms (a double broom is a tree consisting of two disjoint stars with their centres joined by a path), and it was not known for two-legged caterpillars (a caterpillar is a tree in which all vertices of degree more than one lie in a path, and two-legged means it has two vertices not in this path). These two cases have now been settled. We proved the following (the first two joint with Chudnovsky [28] ; the third is joint with Chudnovsky and Sophie Spirkl, and appears in Spirkl's PhD thesis [104] ):
3.5
The following are χ-bounding:
• trees obtained from a star and a star subdivision by adding a path joining their centres;
• trees obtained from a star subdivision by adding one vertex.
• trees obtained from two disjoint paths by adding an edge between them. and have no neighbours in L h for h < i − 1; we call this a levelling.) In this levelling, one of the levels L k say has chromatic number at least χ(G)/2, and now we focus on it. Order the vertices in L k−1 , say L k−1 = {u 1 , . . . , u m }; and for each i, let W i be the set of vertices in L k that are adjacent to u i and nonadjacent to u 1 , . . . , u i−1 . This partitions L k into the sets W 1 , W 2 , . . . , W m , and each of the W i has bounded chromatic number (since W i has a common neighbour). But the union of all the W i has large chromatic number, and so (for instance) there must exist some i and a vertex v ∈ W i with many neighbours in W i+1 ∪ · · · ∪ W m , pairwise nonadjacent. Since u i is adjacent to v and nonadjacent to all these neighbours, we have a little bit of a tree, that we can combine with other parts grown elsewhere. Incidentally, we call (W 1 , . . . , W m ) a grading; it is a surprisingly useful concept, and is used both here and in some of the results discussed in section 6.
Variants of Gyárfás-Sumner: rainbow subgraphs
Suppose G is a graph with huge chromatic number and bounded clique number, and now we colour it (not necessarily optimally). Say a subgraph is rainbow if all its vertices have different colours. Which graph H have the property that for all such G, and all colourings of G, there is a rainbow induced copy of H in G? Not if H has a cycle (because then H need not appear at all, rainbow or not); and not if H has a vertex of degree more than two, as shown by Kierstead and Trotter [65] . To see the latter, let G be the shift graph, described in section 2, with k = 3. We showed earlier that G can be coloured such that the neighbours of each vertex receive only two colours, and so G contains no rainbow copy of H if H has a vertex of degree more than two.
So all graphs H with the desired property are paths and disjoint unions of paths; what about the converse? Here we have a complete solution [99] (see Gyárfás and Sárközy [58] for earlier results). As every disjoint union of paths is an induced subgraph of a larger path, it is enough to prove the following:
4.1 For every κ, s ≥ 1 there exists c such that if G is a graph with χ(G) ≥ c and ω(G) ≤ κ then every proper colouring of G contains a rainbow path on s vertices.
The proof is neat, so we sketch it. For a vertex v, let R(v) be the set of vertices that are joined to v by a rainbow path. Suppose first that for some v, R(v) has large chromatic number. Enumerate the neighbours of v, say u 1 , . . . , u m , and for each i let U i be the set of vertices that are reached by a rainbow path starting with the edge vu i . If one of these still has large chromatic number (not so large as before, but still large), then enumerate the neighbours of u i , and repeat. Eventually (since we do not get a long rainbow path), we find some path P from v to u say, such that the set of vertices reachable by rainbow paths starting with P has large chromatic number, but P is maximal. Then enumerate the neighbours of u, and let U i be the vertices reachable by a rainbow induced path that starts with P and then uses the ith neighbour, giving a grading (W 1 , . . . , W m ) say. Direct every edge of vertices within this grading towards the larger colour. The Gallai-Roy theorem [48, 92] implies that there is a long directed path (not induced), necessarily rainbow since it is directed; and a theorem of Galvin, Rival and Sands [49] implies that the vertex set of this directed path includes the vertex set of a large complete bipartite graph K, which is therefore also rainbow. Let w be the earliest vertex in K (that is, belonging to W i for i minimum). It follows that w has many neighbours, all of different colours, in later sets W j , and not in W i (not quite; we have to arrange that each W i is stable, but that is easy); and then this gives a contradiction, because the rainbow path to w could be extended to one of these neighbours. The second case, when each set R(v) has small chromatic number, is very similar (again using Gallai-Roy and Galvin-Rival-Sands), and we omit it.
Incidentally, there is a conjecture of Aravind (see [9] ):
4.2 Conjecture: Let G be a triangle-free graph. Then for every colouring (not necessarily optimal) of G, there is a rainbow induced subgraph isomorphic to a χ(G)-vertex path.
This remains open, but some special cases have been proved. For instance, if we just ask for an induced path (not necessarily rainbow), then it holds by a theorem of Gyárfás [52] . Or if we just ask for a rainbow path (not necessarily induced), then it holds by the Gallai-Roy theorem [48, 92] , even without the bound on clique number: if we direct every edge of G towards the end with higher colour, then every directed path of the digraph obtained is rainbow. The conjecture also holds if the girth of G equals its chromatic number, by a result of Babu, Basavaraju, Chandran and Francis [9] : in particular, if (G, φ) is a triangle-free coloured graph with χ(G) ≥ 4, then some induced four-vertex path of G is rainbow.
Variants of Gyárfás-Sumner: orientations
Suppose G is a graph with huge chromatic number and bounded clique number, and now we direct its edges, obtaining a digraph (which we also call G). Which digraphs H must be present in G as an induced subdigraph? Only (directed) forests, as usual; but which ones? This question was raised by Gyárfás [55] , and he showed that the orientation →←→ of the four-vertex path does not have the property (to see this, take the shift graph with k = 2, and take its natural orientation). Kierstead and Trotter [65] proved that the orientation →→→ of the same path also does not have the property (to see this, take the variant of Zykov's construction given in section 2). There are two other orientations of the four-vertex path, →←← and ←→→; these are equivalent up to reversing edges, so it is enough to consider the first. In the case of acyclic digraphs, Chvátál [33] showed that if G has no induced →←← then its underlying graph is perfect; so χ(G) = ω(G). In the general case, Kierstead and Rödl [64] raised the question of whether the class of graphs that can be oriented with no induced →←← is χ-bounded, and Aboulker et al. [2] conjectured that it is. We (with Chudnovsky) resolved the question in [27] :
The class of graphs that can be oriented with no induced →←← is χ-bounded.
The proof is not particularly difficult, but also not very exciting.
A much more challenging question is, what about stars? It is easy to see that in-directed stars and out-directed stars have the property, but what about the star H when some edges are directed in and some out? Again, this question was raised by Gyárfás [55] . Kierstead and Rödl [64] proved that the ideal of digraphs with no induced H and no cyclic triangle is χ-bounded; and Aboulker et al. [2] showed that digraphs with no induced H and no transitive triangle have bounded chromatic number (note that every orientation of K 4 has a transitive triangle, so if G has no transitive triangle then ω(G) is at most 3).
We (with Chudnovsky) answered the question for stars in [27]:
If H is a digraph obtained from directing the edges of a star, then the class of graphs that can be oriented such that no induced subgraph is isomorphic to H is χ-bounded.
This does not yet answer the question of which oriented trees in general have this property. Only those that do not contain a four-vertex path directed as →←→ or as →→→; but perhaps that is the answer? For futher discussion, see the paper of Aboulker et al. [2] .
Holes
Along with the Gyárfás-Sumner conjecture, the most well-known of Gyárfás' conjectures were these three:
• The ideal of graphs with no odd hole is χ-bounded.
• For all ℓ ≥ 0, the ideal of graphs with no hole of length > ℓ is χ-bounded.
• For all ℓ ≥ 0, the ideal of graphs with no odd hole of length > ℓ is χ-bounded.
(The third implies the other two, of course.) These have all now been proved, in [95, 25, 30] respectively, partly in joint work with Chudnovsky and Spirkl; indeed an even stronger result is now known [100] (see 6.5 below). The proofs all use levellings, and focus on a level with large chromatic number. The proof of the first was quite pretty, although too long to sketch here, and used some methods that we were not able to use again for later papers. The second and third were both long and complicated, and both used an approach that we used again in several other papers: to look at the maximum chromatic number of balls of bounded radius. Prove the result assuming that every ball of some appropriate radius r has bounded chromatic number; and use that as a lemma. Now we can assume that some ball of radius r has large chromatic number, as large as we like; and whenever we find a subgraph of large chromatic number, it also must have an r-ball of large chromatic number.
Let us say this more exactly. An r-ball in G means a subset B ⊆ V (G) such that every vertex in X is joined by a path of G[B] of length at most r to some fixed vertex in B. If φ is a function, we say that a graph G is (r, φ)-controlled if for every induced subgraph H of G, χ(H) ≤ φ(k) where k is the maximum chromatic number of r-balls in H. (It is helpful to assume that φ is non-decreasing, without loss of generality.)
We fix some κ and we are trying to show that every graph G with clique number at most κ and very large chromatic number has a hole of some desired length (let us call this a "good" hole). We assume the result holds for all graphs with clique number less than κ. Say we prove that for all graphs G with clique number ≤ κ and no good hole, and all k, if every r-ball has chromatic number ≤ k, then G has bounded chromatic number, say at most φ(k). That tells us that, if G is a general graph with clique number at most κ and with no good hole, then G is (r, φ)-controlled. This idea is very helpful and we used it many times in different situations.
For instance, the simplest use is an idea of the first author from several years ago [93] , that we used to prove the theorem of [25] :
6.1 Let ℓ ≥ 0, and let G be a graph with no hole of length > ℓ. Let every 2-ball in G have chromatic number at most k. Then G has chromatic number at most 4kℓ.
Proof. (Sketch.) Suppose not, choose a component with chromatic number χ(G), take a levelling of it with levels L 0 , L 1 . . ., and choose j such that χ(
with maximum chromatic number, and choose v 0 ∈ L j−1 with a neighbour in A 1 . Let A 2 be a component with maximum chromatic number, of the graph obtained from A 1 by deleting all neighbours of v 0 ; and choose a neighbour v 1 ∈ A 0 of v 0 , with a neighbour in A 2 . Now let A 3 be a component with maximum chromatic number of the graph obtained from A 2 by deleting all neighbours of v 1 ; and choose a neighbour v 2 ∈ A 1 of v 1 with a neighbour in A 3 . We continue this for ℓ steps. At each stage, χ(A i ) is at least χ(A i−1 ) − k, and so, since χ(A 1 ) > 2kℓ, we have χ(A ℓ ) > kℓ. It follows that there is some vertex in A ℓ that has distance at least three from each of v 0 , v 1 , . . . , v ℓ−1 ; and this vertex has a neighbour u ∈ L j−1 . Consequently, u has distance at least two from each of v 1 , . . . , v ℓ−1 ; and so the induced path v 0 v . 1 -· · · -v ℓ−1 can be extended through A ℓ to become an induced path between v 0 , u of length at least ℓ. Now join v 0 , u by a path via L 0 ∪ · · · ∪ L j−2 , and we have a hole of length > ℓ, a contradiction. This proves 6.1.
So far, we have wanted holes of odd length, but there are other avenues to explore. For instance, Addario-Berry, Chudnovsky, Havet, Reed and Seymour [5] proved that the ideal of graphs with no even holes is χ-bounded, and indeed:
6.2 If a graph has no even hole then its chromatic number is at most twice its clique number.
The length of holes modulo 3 is also interesting. For example, motivated by topological considerations, Kalai and Meshulam [61] made several beautiful conjectures connecting graph-theoretic properties with homological ones. One of these conjectures was recently proved in [29] :
6.3 If G has no induced cycle of length divisible by three (and so, no triangles) then the number of stable sets of odd cardinality and the number of even cardinality differ by at most one.
Kalai and Meshulam also conjectured that the ideal of graphs with no induced cycle of length divisible by three does not contain graphs of arbitrarily large chromatic number. This was proved in a breakthrough paper of Bonamy, Charbit and Thomassé [12] :
6.4 Every graph with sufficiently large chromatic number contains either a triangle or a hole of length 0 modulo 3.
(It might be true that all these graphs are three-colourable, and that remains open.) Note that 6.4 implies that if G is the ideal of graphs G for which, in every induced subgraph, the number of stable sets of odd cardinality and the number of even cardinality differ by at most one, then the graphs in G have bounded chromatic number.
More recently we proved a much stronger theorem that contains all three of the Gyárfás conjectures and 6.4; we have the following [100]:
6.5 For all integers k ≥ 0 and ℓ ≥ 1, the ideal of all graphs with no hole of length k modulo ℓ is χ-bounded.
In fact, we could prove something even more general:
6.6 Let n ≥ 0 be an integer, and for 1 ≤ i ≤ n let p i ≥ 0 and q i ≥ 1 be integers. Let C be the ideal of all graphs that do not contain n pairwise anticomplete holes H 1 , . . . , H n where H i has length p i modulo q i for 1 ≤ i ≤ n. Then C is χ-bounded.
As an application, we used this in [100] to prove two further conjectures of Kalai and Meshulam [61] . For a graph G, we write I(G) for the independence complex of G (that is, the collection of stable sets in G); the Euler characteristic of I(G) is the number of stable sets of even cardinality minus the number of odd cardinality. The following, one of the Kalai-Meshulam conjectures, is proved in [100]:
6.7 For every integer k ≥ 0 there exists c such that following holds. Let G be a graph such that the Euler characteristic of every induced subgraph of G has modulus at most k. Then G has chromatic number at most c.
The other conjecture of Kalai and Meshulam concerns the "total Betti number" of a graph, that is, the alternating sum of Betti numbers:
6.8 For every integer k ≥ 0 there exists c such that the following holds. If the total Betti number of every induced subgraph of G is at most k, then χ(G) ≤ c.
In both 6.7 and 6.8, the key point was to look for pairwise anticomplete sets of holes of length divisible by three.
Despite the generality of 6.5, its proof is reasonable. 2 Again, we look at the chromatic number of r-balls, and here r = 8 turns out to be important. If all 8-balls have bounded chromatic number, we obtain a bound on χ(G) by an argument using gradings, chaining together in a cycle many pairs of paths whose lengths differ by one modulo ℓ. Next we look at 7-balls; if all 7-balls have bounded chromatic number, but some 8-ball has huge chromatic number, again we use gradings to win (with more-or-less the same argument, except now we can do a little better; the pairs of paths have lengths differing by one, not just by one modulo ℓ); and so on, until we have proved a bound on χ(G) if all 2-balls have bounded chromatic number. Now we are in much the same situation as when we were using 6.1 to prove the theorem of [25] , and the proof is completed the same way. The proof of 6.6 uses the same ideas, with a little more work.
6.5 is very strong, but there are even stronger statements that might be true. We cannot hope to specify the lengths of holes exactly, because there are graphs with large chromatic number and arbitrarily large girth, but perhaps a graph with huge chromatic number and bounded clique number must contain many holes with consecutive lengths. More exactly:
6.9 Conjecture: For every integer ℓ ≥ 0, the ideal of graphs G such that G does not contain holes of ℓ consecutive lengths is χ-bounded.
This remains open, but it is true in the triangle-free case. We proved [96] :
6.10 For every integer ℓ ≥ 0, there exists k such that if G is triangle-free and χ(G) > k, then G has ℓ holes of consecutive lengths.
The proof of this was surprisingly difficult, and so far we see no way to extend it to graphs that have triangles.
Subdivisions
One way to formulate the result of [25] is:
7.1 For every cycle C, the ideal of all graphs containing no subdivision of C as an induced subgraph is χ-bounded.
We already mentioned the result from [94] , that:
7.2 For every tree T , the ideal of all graphs containing no subdivision of T as an induced subgraph is χ-bounded.
What about other graphs, not cycles or trees? Let us say H is weakly pervasive if it has the property of these two theorems, that the ideal of all graphs containing no subdivision of H as an induced subgraph is χ-bounded. The first author [94] made the conjecture that, in fact, all graphs are weakly pervasive. Unfortunately this is false; Pawlik, Kozik, Krawczyk, Lasoń, Micek, Trotter and Walczak [86] showed that the Burling graph (described in section 2) is a counterexample. Let us see that.
If H is obtained from a graph G by subdividing every edge exactly ℓ times, we say that H is an ℓ-subdivision of G; and similarly if every edge is subdivided at least ℓ times, we call it a (≥ ℓ
Note that 7.1 above is equivalent to saying that the multigraph with two vertices and two parallel edges is pervasive. Let us say a multigraph is a banana tree if it can be obtained by adding parallel edges to a tree. In [97] , we proved the following, which contains both 7.1 and 7.2:
7.3 Every banana tree is pervasive.
In the reverse direction, which graphs do we know not to be pervasive? We have seen that K 5 is not, because its 1-subdivision is not contained as an induced subdivision in the Burling graph. In fact there are smaller graphs with the same property. For instance, let H be obtained from K 4 by subdividing once every edge of a cycle of length four; then Chalopin, Esperet, Li and Ossona de Mendez proved in [17] that the Burling graph contains no induced subdivision of H. Indeed, in that paper they figured out exactly which graphs H had the property that, for every subdivision H ′ of H, the Burling graph contains an induced subdivision of H ′ . We need to describe their result.
Say a chandelier is a graph obtained from a tree by adding a new vertex (called the pivot) adjacent to all the leaves of the tree. A tree of chandeliers is a graph that can be obtained recursively, by starting with a chandelier G 1 , and at each step identifying the pivot of some new chandelier with the graph G i that we have already constructed, forming G i+1 . A forest of chandeliers is a graph in which every component is a tree of chandeliers. It is proved in [17] that: 7.4 A graph H has the property that, for every subdivision H ′ of H, a (large enough) Burling graph contains an induced subdivision of H ′ , if and only if H is a forest of chandeliers.
In view of 7.4, every graph that is pervasive in the ideal of all graphs must be a forest of chandeliers. This suggests: 7.5 Conjecture: A graph is pervasive in the ideal of all graphs if and only if it is a forest of chandeliers.
Conveniently, every subdivision of a forest of chandeliers is another forest of chandeliers, so to prove that they are all pervasive, it is enough to prove that they are all weakly pervasive. We have some evidence for this, in addition to the banana trees result above.
Say an ideal I is r-controlled if there is a function φ such that every graph in the ideal is (r, φ)-controlled. We (with Chudnovsky) proved in [26] that: 7.6 Every forest of chandeliers is pervasive in every r-controlled ideal, for all r ≥ 2.
In fact we proved more than this, we showed the next two results:
The first of these reduces our problem from r-controlled ideals to 2-controlled ideals (because if G contains an induced s-subdivision of the complete bipartite graph K m,m for m large enough, then it contains an induced subdivision of any fixed graph); and the second says that in the 2-controlled case we can do better than just getting an induced subdivision of H; we can either get H itself as an induced subgraph, or the 1-subdivision of K m,m . (In fact we proved 7.8 for graphs H that are much more general than forests of chandeliers, but we omit the details here.) Together, 7.7 and 7.8 imply that forests of chandeliers are weakly pervasive in the ideal of all graphs, and so prove 7.6.
The proof of 7.7 was straightforward Ramsey theory, but 7.8 was intricate.
It used a refinement of the methods used in [25] ; let us sketch some of the ideas. We can assume there is a 2-ball with huge chromatic number, say with centre z 1 . The neighbours of z 1 have bounded chromatic number, by induction on clique number; so the set B 1 of vertices with distance exactly two from z 1 has huge chromatic number. In G[B 1 ], there is therefore a 2-ball with huge (not quite so huge) chromatic number, say with centre z 2 ; and again we look at its second neighbours B 2 in G[B 1 ]. This contains a 2-ball with huge chromatic number, and so on. Eventually we have a sequence of vertices z 1 , z 2 , . . . , z m , pairwise nonadjacent, and a set of neighbours A i of z i for 1 ≤ i ≤ m, pairwise disjoint, and a set C with large chromatic number, disjoint from everything else, such that each A i covers C, and each A i covers A j ∪ {z j } for j > i, and z i has no neighbours in A j ∪ {z j } for j > i. Now z j has neighbours in A i . Perhaps the vertices in A i nonadjacent to z j still cover a large part of C, or perhaps not; and by Ramsey's theorem, we can assume the same happens for all pairs i < j. In one case we can arrange to have the same structure as before except that now z j is anticomplete to A i for i = j; and this case is fairly straightforward, and we obtain a 1-subdivision of K m,m . In the other case, we can arrange that every vertex in A i is adjacent to z j for j > i (at least in the triangle-free case; when there are triangles, we need to replace the z i 's by cliques and look at the common neighbours of these cliques). After a lot of intricate analysis, we find a surprisingly rich supply of induced subgraphs, and in particular we can find H itself as an induced subgraph.
A string graph is the intersection graph of a set of curves in the plane. String graphs are particularly nice in this context, for three reasons:
• Pawlik, Kozik, Krawczyk, Lasoń, Micek, Trotter and Walczak [86] showed that the Burling graph is a string graph;
• the ideal of all string graphs is 2-controlled (see 8.3); and
• no string graph contains a (≥ 1)-subdivision of K 3,3 as an induced subgraph.
Consequently, we have 7.9 For every forest of chandeliers H and all κ ≥ 0, every string graph G with ω(G) ≤ κ and χ(G) sufficiently large contains H as an induced subgraph.
This is much more than saying that H is pervasive in the ideal of string graphs; we get not only an induced subdivision of H, but H itself. What happens for ideals that are not r-controlled? Thus, now we can assume that for any convenient, fixed value of r, and all graphs in the ideal, all r-balls in the graph have bounded chromatic number, that is, the ideal is "r-bounded". To show that a forest of chandeliers H is pervasive, we need to show there is a value of r where we can handle r-bounded ideals, and that motivates the following definition. Let us say a multigraph H is widespread if for every subdivision H ′ of H and all κ ≥ 0, there exists r ≥ 0 such that for every r-bounded ideal I of H ′ -subdivision-free graphs all with clique number at most κ, the chromatic number of members of I is bounded. Being widespread is roughly the complementary property to being pervasive in r-controlled ideals; a graph H is both pervasive in all r-controlled ideals for all r, and widespread, if and only if it is pervasive in the ideal of all graphs.
Figure 4: A widespread graph that is not a forest of chandeliers
So we would like to determine which graphs are widespread. In view of the conjecture 7.5, we expected the answer to be, again, forests of chandeliers, but this is false. In [97] , we found a multigraph that is not a forest of chandeliers, that is widespread: the multigraph obtained from a triangle by adding many parallel edges between two of the three pairs of vertices, and adding one parallel edge (so, two total) between the last pair. (This can be converted to a graph with the same properties by subdividing edges.) This does not disprove the conjecture 7.5, but it does mean we have no idea which graphs are widespread. Perhaps they all are? As discussed in [97] , the case of 2-controlled graphs is critical here; indeed, the conjecture that all graphs are widespread is equivalent to the following.
7.10 Conjecture For every graph H and for every integer t ≥ 0, there exists c such that if G is a graph with chromatic number more than c, then either G contains an induced subdivision of H or there is a 2-ball in G with chromatic number at least t.
Geometric graphs
A particularly interesting class of problems arises when we consider graphs that arise from geometric constructions. Many of these are intersection graphs: given a collection F of sets, the intersection graph I(F) has vertex set F, and distinct X, Y ∈ F are adjacent whenever X ∩ Y is nonempty. For example, if we begin with a collection of intervals in the real line, then the corresponding intersection graph is an interval graph. These are well-known to be perfect, and therefore χ-bounded. More generally, a d-dimensional box graph is an intersection class of a collection of boxes (i.e. products of intervals) in R d . So 1-dimensional box graphs are interval graphs. Asplund and Grünbaum [8] showed that the ideal of 2-dimensional box graphs is χ-bounded. Surprisingly, the ideal of 3-dimensional box graphs is not χ-bounded: this follows from the construction of Burling discussed in section 2, which can be realised as a 3-dimensional box graph. See Gyárfás and Lehel [56] and Gyárfás [54] for related results.
Burling's construction has repeatedly proved useful. For example, another generalization of interval graphs is the ideal of intersection graphs of line segments in the plane. In the 1970s, Erdős asked whether this class contains triangle-free graphs with arbitrarily large chromatic number. This was resolved only recently: the beautiful paper of Pawlik, Kozik, Krawczyk, Lasoń, Micek, Trotter and Walczak [86] (see also [85] ) already mentioned in section 7 shows that Burling's construction can be realised as an intersection graph of line segments in the plane, thus answering the question of Erdős in the positive, and showing that this class is not χ-bounded.
An important, and more general, ideal is the ideal of string graphs (also discussed in the previous section). A string graph is the intersection graph of a collection of simple curves in the plane (see, for instance, [78] ). The ideal of string graphs is clearly not χ-bounded, as it contains the ideal of intersection graphs of line segments in the plane, but various interesting subideals are. McGuinness (see [81, 80, 79] ) made a significant study of intersection graphs of objects in the plane. Among other things, he showed that the ideal of triangle-free intersection graphs of simple curves that cross a fixed line in exactly one point have bounded chromatic number. This was generalized by Suk [105] , who showed that the ideal of intersection graphs of simple families of curves that intersect the y-axis and do not intersect any vertical line in more than one point is χ-bounded. A nice consequence of this is the following:
8.1
The ideal of intersection graphs of unit segments in the plane is χ-bounded.
Further progress was made by Lasoń, Micek, Pawlik and Walczak [71] , Rok and Walczak [88] and Suk and Walczak [106] . A very general result was proved by Rok and Walczak [89] :
8.2 For every integer t ≥ 1, the ideal of intersection graphs of curves each crossing a fixed curve in at least one and at most t points is χ-bounded.
A particularly useful property of string graphs in our context is that if they have large chromatic number then some small ball has large chromatic number. The following was proved in [26] , building on and simplifying ideas of McGuinness [80] .
The ideal of string graphs is 2-controlled.
This is an important ingredient in the proof of 7.9.
There are other interesting ways to define graphs from geometric objects. For example, the visibility graph of a set S of points in the plane has vertex set S, with vertices x, y adjacent if the line segment from x to y contains no other points from the set. Kára, Pór and Wood [62] conjecture the following:
Conjecture:
The ideal of visibility graphs is χ-bounded.
In this section, we look at cliques and stable sets of graphs in ideals defined by forbidden subgraphs. It is well-known from Ramsey theory [44] that every graph on n vertices contains a clique or stable set of size at least 1 2 log n. This is tight up to a constant factor: considering random graphs shows that most graphs on n vertices contain no clique or stable set of size more than 2 log n [39] . The celebrated Erdős-Hajnal conjecture asserts that H-free graphs (that is, graphs that do not contain an induced copy of H) have much larger cliques or stable sets. Let us say that an ideal I has the Erdős-Hajnal property if there is some ǫ > 0 such that every graph G ∈ I has a clique or stable set of size at least |G| ǫ . The Erdős-Hajnal conjecture [40, 41] is the following:
9.1 Conjecture. For every graph H, the ideal of H-free graphs has the Erdős-Hajnal property.
There is a natural connection here to χ-boundedness: if an ideal I is χ-bounded with a polynomial χ-binding function f then I satisfies the Erdős-Hajnal property, as every graph G ∈ I satisfies
and so α(G)f (ω(G)) ≥ |G|. There is no implication in the other direction. For example, the ideal of triangle-free graphs has the Erdős-Hajnal property, but is not χ-bounded.
There is an interesting property that is stronger than the Erdős-Hajnal property: an ideal I has the strong Erdős-Hajnal property if there exists ε > 0 such that for every graph G ∈ I with |G| > 1, there exist disjoint A, B ⊆ V (G) with |A|, |B| ≥ ε|G| such that A, B are complete or anticomplete. Here, we say that two disjoint sets A, B are complete if every vertex in A is adjacent to every vertex in B, and anticomplete if there are no edges between A, B. It is not hard to show that if an ideal has the strong Erdős-Hajnal property then it has the Erdős-Hajnal property (see [7, 46, 31] ).
Which ideals have the strong Erdős-Hajnal property? Let us start with ideals defined by excluding one graph. The random graph of Erdős described in section 2 has, with high probability, no pair of linear-sized sets that are either complete or anticomplete; so for all g, there is a graph not in I and with no cycle of length at most g. Consequently, if the ideal of all H-free graphs has the strong Erdős-Hajnal property, then H has no cycles, and nor does its complement; so H has at most four vertices. Thus, for ideals defined by excluding one graph, the strong Erdős-Hajnal property is not very interesting.
What about ideals defined by excluding a finite set of induced subgraphs? Once again, because of Erdős' random graph, one of the excluded subgraphs must be a forest and one must be the complement of a forest. In this case, an interesting result was proved by Bousquet, Lagoutte and Thomassé [14] :
9.2 For every path H, the ideal of all graphs that contain neither H nor H has the strong Erdős-Hajnal property.
This was extended by Choromanski, Falik, Liebenau, Patel and Pilipczuk [19] , who proved the same for trees H formed from a path by adding a leaf adjacent to its third vertex. Which other graphs H can we take here? It is clearly necessary for one of H, H to be a forest. Liebenau and Pilipczuk [72] conjectured that this is sufficient: that for every forest H, the ideal of all {H, H}-free graphs has the strong Erdős-Hajnal property. This has recently been proved, as we discuss below.
A useful tool in these problems is a theorem of Rödl [90] , which says:
9.3 For every graph H and all ε > 0 there exists δ > 0 such that for every H-free graph G, there exists X ⊆ V (G) with |X| ≥ δ|G| such that in one of G[X], G[X], every vertex in X has degree at most ε|X|.
The proof is a straightforward regularity lemma argument, but the result is important as it allows us to concentrate on the sparse and dense cases. If we are excluding a pair H, H then the problem is invariant under complementing G. So to prove that the ideal of all {H, H}-free graphs has the strong Erdős-Hajnal property, it suffices to show the "one-sided" result that for some ε > 0, if G ∈ I has at least two vertices and has maximum degree less than ε|G|, then there exist disjoint A, B ⊆ V (G) with |A|, |B| ≥ ε|G| such that A, B are anticomplete ("complete" is not an outcome since the maximum degree less than ε|G|).
In [73] , Liebenau, Pilipczuk, Spirkl and the second author proposed a strengthening of the Liebenau-Pilipczuk conjecture, the statement 9.4 below; and proved it for "subdivided caterpillars", that is, trees such that all their vertices of degree more than two lie in a path. Very recently, we (with Chudnovsky and Spirkl) [32] have proved this conjecture:
9.4 For every forest H, there exists ε > 0 such that for every H-free graph G with at least two vertices, either some vertex has degree at least ε|G| or there exist disjoint A, B ⊆ V (G) with |A|, |B| ≥ ε|G| such that A, B are anticomplete.
Once again, this is best possible, because no graph H that is not a forest has this property. Using 9.3, this implies the Liebenau-Pilipczuk conjecture, in full; that is:
9.5 For all forests H, K, the ideal of all graphs that contain neither H nor K has the strong Erdős-Hajnal property.
We feel this gives a little support to the Gyárfás-Sumner conjecture. It shows that something major happens when a forest is excluded; not what Gyárfás-Sumner predicts, but something. It also suggests that it might be fruitful to look at the following weakening of the Gyárfás-Sumner conjecture, raised by Gyárfás in [52] .
9.6 Conjecture: For all forests H, the ideal of all graphs that contain neither H nor H is χ-bounded.
Another interesting parallel with χ-boundedness comes when we exclude induced subdivisions of a graph. Recall from section 7 that if H is a tree or a cycle (or more generally a banana tree) then the ideal of graphs with no induced subdivision of H is χ-bounded; and that this does not hold unless H is a forest of chandeliers. An intriguing result of Bonamy, Bousquet and Thomassé, extending 9.2, shows:
9.7 For every cycle C, the ideal of all graphs G such that neither G nor G contains an induced subdivision of C has the strong Erdős-Hajnal property.
We recently (with Chudnovsky and Spirkl) [31] proved the following very substantial extension of this result.
9.8 For all graphs H, K, the ideal of all graphs G such that G does not contain an induced subdivision of H and G does not contain an induced subdivision of K has the strong Erdős-Hajnal property.
Once again, this follows from a (stronger) "one-sided" result analogous to 9.4: 9.9 For every graph H, there exists ε > 0 such that every graph G with at least two vertices contains one of the following:
• an induced subdivision of H;
• a vertex of degree at least ε|G|; or
• disjoint anticomplete sets A, B of size at least ε|G|.
Interestingly, the proof strategy is in part adapted from some of the χ-boundedness arguments discussed in sections 6 and 7. For further discussion on the connections, see [31] .
Gyárfás' complementation conjecture
Let us mention one other result about χ-boundedness. The idea of χ-boundedness grew as a generalization of perfect graphs; and the complement of a perfect graph is perfect. But if an ideal is χ-bounded, it does not follow that the ideal of all complements of members of I is χ-bounded. For instance, the ideal of all graphs with stability number at most two is χ-bounded (χ(G) ≤ |G| ≤ ω(G) + ω(G) 2 , for all graphs G in the ideal); but the ideal of their complements is not; while the ideal of intersection graphs of line segments in the plane is not χ-bounded, but the ideal of complements of these graphs is (this follows from work of Pach and Töröcsik [84] ).
Let f be a function from the set of nonnegative integers into itself. We recall that f is a χ-binding function for an ideal I if χ(G) ≤ f (ω(G)) for every G ∈ I. Let I f be the maximal ideal with χ-binding function f (it is unique). We say f has a complementary χ-binding function if the class of complements of members of I f is χ-bounded. Thus, Lovász's theorem [76] , that the complement of a perfect graph is perfect, implies that the function f (x) = x has a complementary χ-binding function, and we might ask which other functions do.
Gyárfás [52] proved that if f has a complementary χ-binding function then inf x→∞ f (x)/x = 1 (see [57] for a sharpening), and conjectured that for all c the function f (x) = x + c has a complementary χ-binding function. We proved this in [98] :
10.1 Let c ≥ 0, and let I be an ideal such that χ(G) ≤ ω(G) + c for all G ∈ I. Let I ′ be the ideal of complements of members of I. Then I ′ is χ-bounded.
The proof is quite nice, so here is a sketch. No graph in I ′ has c + 1 odd holes, pairwise anticomplete; for otherwise there would be a graph in I consisting of c + 1 odd antiholes, pairwise complete, and this graph has chromatic number c + 1 more than its clique number, contrary to the hypothesis. This turns out to be all we need; we prove that every ideal of graphs without c + 1 odd holes, pairwise anticomplete, is χ-bounded. Thus, we need to show that if G does not have c + 1 odd holes, pairwise anticomplete, and has clique number at most κ, then χ(G) ≤ f (c, κ), for some appropriate function f (c, κ). This follows from 6.6, but at the time we had not proved the latter, and the direct proof we found is worth explaining. We use induction on c + κ. The result holds if c = 0, by 1.2, and trivially if κ = 0, so we may assume that c, κ > 0.
Thus we can assume that G has an odd hole; let C be a shortest odd hole. From the inductive hypothesis, the set of vertices with no neighbour in C has chromatic number at most f (c − 1, κ); so we just need to show that the set of vertices that have neighbours in C has bounded chromatic number. If C has bounded length, then this is true, since for every vertex in C, its set of neighbours has bounded chromatic number, from the inductive hypothesis. So we can assume |C| is as large as we like. But C is a shortest odd hole, so we can say a lot about the vertices with neighbours in it. Indeed, the algorithm of [20] was mostly concerned with these neighbours, and we can use many of the same ideas here. We omit further details.
Operations on χ-bounded classes
In this section we consider the closure of ideals under various operations. We shall be interested in operations that act on a single graph, or a finite set of graphs, and produce a graph as output. The closure of an ideal G under an operation φ is the smallest ideal that is closed under φ and contains G (or equivalently, the smallest class that contains G and is closed under φ and taking induced subgraphs). The main question is, under which operations does the closure of a χ-bounded ideal G remain χ-bounded? In many cases, this is equivalent to considering an ideal G * and some way to decompose elements of G * into smaller graphs in G * . If we write G for the basic (indecomposable) graphs in G * , when does the χ-boundedness of G imply the χ-boundedness of G * ?
For example, it is easy to see that if we take the closure of a χ-bounded class G under the operation of gluing along cliques, then the resulting class is χ-bounded (with the same χ-binding function).
A more interesting example is given by substitution. Given graphs G, H and a vertex v ∈ V (G), the graph obtained by substituting H for v is obtained from G by deleting v from G, adding a vertex-disjoint copy of H, and joining every vertex of H to every neighbour of v in G. Lovász [74] showed that the ideal of perfect graphs is closed under substitution. In general, χ-bounded classes are not closed under substitution, but the following was shown in [21] :
11.1 If G is a χ-bounded class then the closure of G under substitution is also χ-bounded. Furthermore, if G has a polynomial χ-binding function then so does its closure; and if G has an exponential χ-binding function then so does its closure.
Other operations are known to preserve χ-boundedness. For example, the closure of a class under the operation of gluing along at most k vertices (where the two graphs being glued together have the same induced subgraph on the overlap) preserves χ-boundedness (this is proved in [21] , or can be deduced from from earlier work of Alon, Kleitman, Saks, Seymour, and Thomassen [6] ). The closure of a χ-bounded class under 1-joins is also χ-bounded (see Dvořák and Král' [37] and Kim, Kwon, Oum and Sivaraman [67] ). It would be interesting to know what happens with other graph compositions (see [21] for discussion).
A little is known about combining operations. It is known that the closure under both substitution and gluing along cliques preserves χ-boundedness, as does the closure under gluing along sets of bounded size and cliques [21] . A more general result was proved by Penev [87] , who shows that it is possible to add in amalgams as well. However the following question from [21] is open.
Question:
Is the closure of a χ-bounded class under substitution and gluing along a bounded number of vertices χ-bounded?
In general, given two operations that separately preserve χ-boundedness of ideals when taking the closure, it is not clear that χ-boundedness is preserved when taking the closure under both operations together. However, the following generalizes a problem raised in [21] .
11.3 Problem: Suppose that φ 1 and φ 2 are operations such that the closure of every χ-bounded ideal under either φ 1 or φ 2 is χ-bounded. Is the closure of every χ-bounded ideal under φ 1 and φ 2 χ-bounded?
Note that it is important that the closure is an ideal: if we instead consider just the smallest class closed under applying the operations and do not demand that it is closed under taking induced subgraphs then the problem has a negative answer (see [21] , which uses this weaker form of closure).
Open problems
Here are some open questions, different from those discussed earlier. ( There are yet more in [102] .)
Triangle-free subgraphs
There is a fundamental conjecture, due to L. Esperet (unpublished), although it might have been asked before. (See [108] , where they say "This has been asked several times by researchers, but we could not find a reference.") 12.1 Conjecture: For all κ, n, every graph with sufficiently large chromatic number and clique number at most κ has a triangle-free induced subgraph with chromatic number at least n.
If we relax our requirements and do not demand that the subgraph be induced, then the conjecture is true: Rödl [91] proved that, for all n, every graph with sufficiently large chromatic number contains a triangle-free subgraph with chromatic number at least n. (The stronger conjecture of Erdős and Hajnal [42] that every graph with huge chromatic number contains a subgraph with large girth and large chromatic number is still open.) Conjecture 12.1 would serve to reduce many questions about χ-boundedness to questions about triangle-free graphs, which might be much easier. (For instance, every triangle-free graphs with chromatic number at least three has an odd hole, so the result of [95] would be immediate; and the conjecture before 6.10 would be reduced to 6.10 itself.) This is a great question, and we do not even know whether it holds for n = 4 (it is true for n = 3 by the result of [95] ).
Polynomial χ-boundedness
Another question from Esperet [45] : an ideal is polynomially χ-bounded if it has a polynomial χ-binding function (defined in section 10). We have no example of an ideal that is known to be χ-bounded and not polynomially χ-bounded (although there are many that are known to be χ-bounded and not known to be polynomially χ-bounded). Could it be true that every χ-bounded ideal is polynomially χ-bounded? This would imply that every χ-bounded ideal satisfies the Erdős-Hajnal conjecture.
Some classes of graphs are known to be polynomially χ-bounded (see for instance Gajarský, Kreutzer, Nešetřil, Ossona de Mendez, Pilipczuk, Siebertz and Torunczyk [47] ). But it is easy to see that there is no d such that every χ-bounded ideal is bounded by a polynomial of degree d. (Consider the ideal of graphs with no stable set of size k.) Indeed, Gyárfás [52] shows that every χ-binding function f for the ideal of graphs with no induced k-vertex path must satisfy
as a graph G with no stable set of size ⌈k/2⌉ does not contain an induced path on k vertices and has chromatic number at least |G|/α(G) ≥ |G|/(⌈k/2⌉ − 1). By results of Spencer [103] on offdiagonal Ramsey numbers (see Bohman and Keevash [11] for a strengthening), for fixed k, f (ω) = Ω((ω/ log ω) (k+1)/4 ), so any polynomial χ-binding function must have degree at least (k + 1)/4. From the other side, the ideal of graphs with no induced k-vertex path is χ-bounded with the (exponential) χ-binding function f (ω) = ω k−1 . The best result we know on these lines is due to Gravier, Hoáng and Maffray [50] :
But, as noted by Trotignon and Pham [110] (which also contains interesting further discussion), even the following problem is open.
12.3 Problem. Is it true that, for every k, the ideal of graphs with no induced k-vertex path is polynomially χ-bounded?
Trotignon and Pham [110] raise another intriguing question on the growth of χ-binding functions. Given a χ-bounded ideal G, we can define an "optimal" χ-binding function f G by
Suppose we know the value of f G (2). Does this tell us anything about the possible values of f G (3)? If f G (2) = 2 then G is contained in the class of graphs with no odd hole, and so f G (3) is bounded (in fact, a result of Chudnovsky, Robertson, Seymour and Thomas [23] implies that f G (3) ≤ 4). But what if f G (2) = 3? Can f G (3) be arbitrarily large?
Rainbow subgraphs
When we were discussing rainbow subgraphs before, we coloured the graph with an arbitrary number of colours; but what if we colour it optimally? Thus, which graphs H have the following property? Let G be a graph with huge chromatic number and bounded clique number, coloured with χ(G) colours; then a rainbow copy of H is present as an induced subgraph.
Again, all such graphs H are forests, but more than just paths; at least all stars and all paths have this property. Could it be that every forest has the property?
Hole lengths
As discussed in section 6, the three Gyárfás conjectures on holes are now resolved; indeed, 6.5 gives a much stronger result. But many further questions remain. Let us say that a set S of integers is constricting if the ideal of graphs that do not contain a hole with length in S is χ-bounded. What sets are constricting? Conjecture 6.9 would imply the following:
12.4 Conjecture: Every infinite set S of natural numbers with bounded gaps is constricting.
Could we make do with even sparser sets of integers? Perhaps the following wild conjecture is true: 12.5 Conjecture: A set of integers is constricting if and only if it has strictly positive lower density.
Note that we cannot replace lower density by upper density here: choose a sequence G 1 , G 2 , . . . of triangle free graphs with χ(G i ) > i and with girth growing sufficiently rapidly (say g(G i+1 ) > 2 |G i | ), and let G be the set of all induced subgraphs of the G i . Then G is clearly not χ-bounded, but the set of hole lengths that do not occur in G has upper density 1.
We are far from proving 12.5 in either direction, even for triangle-free graphs. At the moment, we do not even know whether the following conjecture (which contradicts 12.5!) is true.
Conjecture:
There is a set A of integers with upper density 0 such that A is constricting:
It would be very interesting to resolve this. Note that we can assume that A contains all integers between 3 and some large constant, so that we are considering graphs of large girth. In the case where we do not demand that our cycles are induced, more is known: Verstraete [112] showed that there is a set A of density 0 such that every graph with sufficiently large minimum degree contains (as a subgraph) a cycle whose length belongs to A.
Another intriguing line of inquiry is to look at whether the holes we get are short or long. Let us focus on triangle-free graphs (as the problems are already hard enough there). Of course, a trianglefree graph with large chromatic number may not contain short holes; but if it does not, then perhaps we get holes of many different lengths. One way to say this is the following:
12.7 Problem: Are there function f, g : N → N such that f (t) → 0 and g(t) → ∞ as t → ∞ and the following holds? Let G be a triangle-free graph and let C be the set of lengths of holes in G. Then
Similarly, perhaps there is a version of 6.10 that takes account of the length of the holes: 12.8 Problem: Is there a function f : N → N such that f (t) → ∞ as t → ∞ and the following holds: for every triangle-free graph G of sufficiently large chromatic number, there is some t such that G contains holes of f (t) consecutive lengths, each at most t?
As a first step towards 12.7 and 12.8, surely the following variant of 6.10 must be true: 12.9 Conjecture: There is an integer k such that the following holds. For every integer t, every graph with chromatic number at least k and sufficiently large girth contains holes of t consecutive lengths.
Excluding K n,n A helpful weakening of several of these problems is to exclude K n,n as well as K n (or equivalently, to just exclude K n,n as a subgraph rather than an induced subgraph). For instance, the following weakening of the Gyárfás-Sumner conjecture was proved by Hajnal and Rödl independently (see [59] ).
12.10 For every tree T and every integer n ≥ 0, all T -free graphs not containing K n,n as a subgraph (not necessarily as an induced subgraph) have bounded chromatic number.
There is also a beautiful theorem of Kühn and Osthus [70] :
12.11 For all integers n ≥ 0, every graph G with large enough average degree has either a K n,n subgraph or a subdivision of K n as an induced subgraph. This is best possible in some sense, because G itself could be a complete bipartite graph and then it contains nothing else (see also [36] ). But if we assume that G has large chromatic number instead of just large average degree, then we might hope to prove something stronger. Here is one possibility. By an "odd subdivision" we mean a subdivision where every edge is replaced by a path of odd length. We hope that 12.12 Conjecture: For every graph G, if its chromatic number is large enough, then either G has a K n,n subgraph or G contains an odd subdivision of K n as an induced subgraph.
Using our standard approach via r-controlled ideals, the problem breaks into subproblems, and we have handled all except one of them, so this might come out.
Colouring graphs with no long holes
Say G is short-holed if every hole in G has length four. Here is a nice question, suggested by Vaidy Sivaraman (private communication). We know that the ideal of short-holed graphs is χ-bounded, but how well can we bound chromatic number in terms of clique number? We were able to prove (thanks to Sivaraman for discussions on this):
12.13
If G is short-holed, then χ(G) ≤ 10 20 2 ω(G) 2 . This is no doubt still far from the truth; can we at least get a bound that is singly-exponential? As far as we know, maybe χ(G) ≤ ω(G) 2 for all short-holed graphs (or even for all graphs with no odd hole).
On a related topic, the Hoàng-McDiarmid conjecture [60] asserts the following:
12.14 If G has at least one edge and has no odd hole, then its vertex set can be partitioned into two sets A, B such that every maximum clique intersects both A and B.
(Note that odd cycles of length more than three do not admit such a partition.) This is not proved even for short-holed graphs. 12.14 would imply a singly-exponential bound on χ in terms of ω. Recently (private communication) Hoàng has proposed a stronger conjecture, that if G has no odd hole, its vertex set can be partitioned into ω(G) sets each of which induces a perfect graph. This would imply that χ(G) ≤ ω(G) 2 .
Cycles with chords
We know from the results of section 6 that, for every ℓ, the ideal of graphs with no induced cycle of length at least ℓ is χ-bounded. What about cycles with chords?
Trotignon and Vuškovic [111] showed that the ideal of graphs that do not contain as an induced subgraph a cycle with a unique chord is χ-bounded (such graphs satisfy χ(G) = ω(G) if ω(G) > 2, so they are very close to perfect); and Trotignon and Pham [110] showed that this also holds for the ideal of graphs that do not contain an induced cycle of length at least five with a unique chord (both papers use structural decompositions and obtain polynomial bounds). Aboulker and Bousquet [3] prove that, for k = 2, 3, the ideal of graphs that do not contain an induced subgraph that is a cycle with exactly k chords is χ-bounded. More generally they conjecture 12.15 Conjecture: For every k, the ideal of graphs that do not contain an induced subgraph that is a cycle with exactly k chords is χ-bounded.
It seems possible that a stronger statement holds.
12.16 Conjecture: For every k, the ideal of graphs that do not contain an induced cycle such that some vertex has at least k neighbours on the cycle is χ-bounded.
If we do not require that the cycle is induced, then Aboulker [1] conjectures that the chromatic number is at most k (see Trotignon [109] , Aboulker, Radovanović, Trotignon and Vušković [4] , Bousquet and Thomassé, [15] and Aboulker [1] for results and discussion related to both conjectures).
Vertex-minors
We say H is a vertex-minor of G if H can be obtained from an induced subgraph of G by (repeatedly) choosing a vertex v and replacing the subgraph induced on the neighbour set of v by its complement. Jim Geelen (see [37] ) conjectures the following (an ideal is proper if it is not the ideal of all graphs):
12.17 Conjecture: Every proper ideal that is closed under taking vertex-minors is χ-bounded.
For instance, the ideal of all circle graphs (intersection graphs of chords of a circle) is closed under taking vertex-minors and is χ-bounded [53, 54, 69] ; and Choi, Kwon, Oum and Wollan [18] proved that every ideal closed under vertex-minors not containing all wheels is χ-bounded. A very recent result of Geelen, Kwon, McCarty and Wollan proves the same for every ideal closed under vertex-minors that does not include all circle graphs. Another result, of Kim, Kwon, Oum and Sivaraman [67] , shows that for every n ≥ 3, the ideal of graphs with no vertex-minor isomorphic to the cycle C n is polynomially χ-bounded.
Geelen also conjectures (private communication) that for every proper ideal closed under vertexminors, there are polynomial-time algorithms to compute maximum clique and maximum stable set for its members.
Algorithms
What about algorithms for all the χ-boundedness theorems? For instance, we proved that graphs with no odd hole have chromatic number bounded by a function of their clique number, but can we find such a colouring in polynomial time? Finding an odd hole if there is one seems impossibly difficult (though it is not known to be NP-hard). But we observed in [95] that there is a polynomialtime algorithm that will either find an odd hole or find a colouring (with the number of colours as in the theorem), in time independent of the clique number. It would be good to develop results like this for the other χ-boundedness theorems.
